Abstract. In [4] it was shown for a suitable power n of a pair of units u, v of the quaternions algebras over the ring of integers of imaginary rational extensions A = H(o Q √ −d ) that the group generated by u n , v n is a free group in the unit group of A when d ≡ 7 (mod 8) is a positive square free integer. We extend this result for any imaginary rational extension and show that the group generated by u n , v n is a free group for all non-zero integer n, except in a precise case which |n| > 1. In our construction we use a new class of units called Pell units. Also we prove a criterium to a pair of elements generate a free semigroup.
Introduction
In [4] are studied the finite groups G and the rings R such that the unit group U(RG) is hyperbolic. As a consequence, it was constructed units in the quaternion algebras H(R), when R is the ring of algebraic integers of quadratic rational extensions which we denote by o Q( √ d) . These units are determined by families of diophantine equations, in special Pell equations and the equations of a sum of three square integers which is a square integer, defining units called Pell and Gauss units. The Propositon [1, Proposition III.Γ. 3.20] states that if G is a hyperbolic group and u, v are elements of G which u ∩ v = {e}, where e is the unity of G, then there exists a positive integer n, such that, u n , v n is a free group . In particular, if d ≡ 7 (mod 8) is a positive integer, and u, v are units of U(H(o Q( √ −d) )) then u n , v n is a free group for a suitable positive n, provided u, v are 2-Pell units with different supports. In the last section, we show that it is true for any positive square free integer d and all non-zero integer n. Furthermore, the method we use works nicely for 3−, and 4−Pell units.
An starting point on free groups appears in [3] , for the class of abelian groups A, Higman shows that if A is a finite abelian group, then U 1 (ZA) = A × F , where F is a finitely generated free abelian group. In [2] , it was proved that if G is a finitely nonabelian group which is not a Hamiltonian 2-group, then U(ZG) contains free groups. This is an existence theorem, a proof of that result does not need to exhibit the free group. A result of Tits, [10] , which gives the necessary conditions to a pair of diagonalizable elements of the linear group GL(2, C) generates a free group, allows to verify the Hartley-Pickel result.
As the Propositon 3.20 of [1] , a result of Tits claims the existence of an integer n which the powers A n 1 , A n 2 generate a free group, for elements A 1 , A 2 of GL(2, C). This result, nevertheless, is not apliccable in our case, since the 2−Pell units we work indulces eigenvalues that are not distints, as the result requires.
Constructions of free groups is a nontrivial problem. In [7] , is constructed free groups of U(ZG) when ZG contains nontrivial bicyclic units. In [5, 6] are construted pair of units which generates a free group in quaternion algebras and in finite dimensional crossed products. Here we construct free groups in quaternion algebras over all rational imaginary quadratic extensions, in particular those which are division rings. Again, our construction is diferent since the units we work is define by a pell equation which is distinct for each positive square free integer −d.
Preliminaries
We denote by H(K) = ( a, b K ) the generalized quaternion algebra over K, that is,
The set {1, i, j, k} is a K-basis of H(K). Let K be an algebraic number field and o K its ring of integers, if a, b ∈ o K , then the set H(o K ), consisting of the o K -linear combinations of the elements 1, i, j and k, is an o K -algebra. Set H : C×]0, ∞[ the upper half-space model of three-dimensional hyperbolic space. In the quaternion algebra H := H(−1, −1) over R, with its usual basis, we may identify H with the subset {z + rj : z ∈ C, r ∈ R + }. Consider the subfield
The algebra H(K) = F ⊕ F j is a crossed product and embeds into M 2 (C) as follows:
.
It is well known that if M = (m ij ) ∈ GL 2 (R), the set of invertible matrices of order 2 over R, then M defines the complex homeomorfism ϕ M (z) := m11z+m12 m21z+m22 called Möebius mapping. Thus, the embedding Ψ induces the homeomorphism ϕ u (z) := ϕ Ψ(u) (z), with ϕ : U(H(K)) −→ Homeo(C ∪ ∞), where U(H(K)) is the unit group of the quaternion algebra H(K) and Homeo(C ∪ ∞) is the set of homeomorphisms over the extended complex numbers.
In [8] it is shown that the maps z + 2 and z 2z+1 on the set the extended complex numbers generate a free group. It is a trivial application of Ping-Pong Lemma, [1, Lemma 3.19] , which states that if h 1 , · · · h r are bijections of a set Ω and there exist non-empty disjoint subsets are in the conditions of Ping-Pong Lema.
Then the group u, w is free.
Proof. We consider the embeddings of the units u and
Clearly they induce the transformations ϕ u (z) = z 2z+1 and ϕ w (z) = z + 2 which generates a free group of rank two. We prove a similar result for a pair of suitable functions ϕ u and ϕ w induced by the units u, w of U(H(o K )) constructed with the fundamental invertible
) and the support of the units has cardinality 2. Units obtained likewise are called 2-Pell units. One of the corresponding functions is a positive dilatation and the other is an injection with the well defined singular point (
. This claim is motivated by the following result:
, where ψ and ψ ′ ∈ {i, j, k} and ψ = ψ ′ , then there exists a natural number n such that u n , v n is a free group of rank 2.
Here we generalize this result for any rational imaginary quadratic extension, proving the power m is any non-zero integer. Furthermore, we show that it is also valid when the unit, other than the dilatation, is a 3− or a 4−Pell unit, that is, a unit obtained by the Pell equation which support has 3 or 4 elements.
Free Groups in Quaternion Algebras
In the sequel,
is an imaginary quadratic extension where d is a positive square-free integer. Let ξ = ψ be elements of {1, i, j, k}. Suppose
, and, therefore, for any choice of ξ, ψ in {1, i, j, k}, ξ = ψ,
With the notations as above, we have:
(1) If 1 / ∈ supp(u), the support of u, then u is a torsion unit.
Likewise we define below the 3− and 4−Pell units (i) u := y √ −dξ + xψ + (1 − x)φ, where ξ, ψ, φ ∈ {1, i, j, k} are different of each other;
(ii) u =
According to the last section, if ǫ = x+y √ d is the fundamental invertible and u = x+(y
z is a homeomorphim of the extended complex numbers induced by u. Since the norm of ǫ is ǫǫ = ±1, we can take the coefficients of ǫ 2 when the norm is −1 and assume that x, y are positive numbers. Hence ϕ u (z) = ρz is a positive magnification, where 
2 k, where y ≡ 0 (mod 2). Then the subgroup u, w of U(H(o K )) is a free group.
Proof. Consider the induced homeomorphisms ϕ u and ϕ w over the extended complex numbers and Ω := R ∪ {±∞}. We claim that there exist real numbers a 2 < a 1 < 0 < b 1 < b 2 such that 
, since each A i,±1 , i = 1, 2 is an interval, or a union of two intervals as above, then the following conditions hold
•: h 1 (Ω \ A 1,1 ) ⊂ A 1,−1 , which is equivalent to h 1 (a 2 ), h 1 (a 1 ) ∈ A 1,−1 ;
x . The last two conditions are equivalent to show that
x 2 , then the preceding inequality follows. Likewise, we prove the first two conditions. Thus, by Ping-Pong Lemma, u, w is a free group.
For the second item ϕ w (z) =
. The poles and roots of ϕ w and ϕ
, z 
which follows readly. The first two conditons are straighforward and thus, by the Ping-Pong Lemma, the group u, w is free.
For the third item, the unit definition yields that ϕ w (z) = (
ρ and a 2 := 3z 
is, respectively
and the pole and the root of ϕ
and
. Since z p is positive, define the intervals by and proceed as in the proof of the theorem. The condition on x = 1 is
The theorem above is an application of Ping-Pong Lemma in a non-standart way since the units we use has an algebraic form which allows a precise control of the image of the defined maps. In the next lemma we prove a criterium when two elements ϕ 1 , ϕ 2 generate a free semigroup, without any reference to the Ping-Pong Lemma.
Lemma 2.5. Let V be a set of infinite cardinality and ϕ 1 , ϕ 2 : V be injectivy. If there exists a subset U V which ϕ 1 , ϕ 2 are invariant over U and an element x 0 ∈ V \ U , such that, ϕ 1 (x 0 ) = x 0 and ϕ 2 (x 0 ) ∈ U , then ϕ 1 , ϕ 2 is a free semigroup.
is the identity map. Either r k = 1, then ϕ(x 0 ) ∈ U , since ϕ 1 (x 0 ) = x 0 and there exists r j = 2 with 1 ≤ j < k, because the order of ϕ 1 is infinity. Or r k = 2 and likewise ϕ(x 0 ) ∈ U , since ϕ 2 (x 0 ) ∈ U . But ϕ i is invariant in U for i = 1, 2. This contradicts the condition on x 0 / ∈ U .
We apply the Pell units to the Lemma 2.5 and prove that these units generate a free semigroup, with no restriction to the norm of the fundamental invertible ǫ. 
